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Abstract. We develop a general framework for reflexivity in dual Ba- 
nach spaces, motivated by the question of when the weak* closed linear 
span of two reflexive masa-bimodules is automatically reflexive. We es- 
tablish an affirmative answer to this question in a number of cases by 
examining two new classes of masa-bimodules, defined in terms of ranges 
of masa-bimodule projections. We give a number of corollaries of our 
results concerning operator and spectral synthesis, and show that the 
classes of masa-bimodules we study are operator synthetic if and only if 
they are strong operator Ditkin. 



1. Introduction 

Operator synthesis, introduced by W. Arveson [2J and subsequently de- 
veloped by V.S. Shulman and L. Turowska [2D], [21] , is an operator theoretic 
version of the well-known concept of spectral synthesis in Harmonic Analy- 
sis. Due to the work of W. Arveson, J. Froelich, J. Ludwig, N. Spronk and L. 
Turowska [2], [7], [18], [H], it is known that the notion of spectral synthesis 
"embeds" into that of operator synthesis in that, for a large class of locally 
compact groups G, given a closed subset E of G, there is a canonical way to 
produce a subset E* of the direct product G x G, so that the set E satisfies 
spectral synthesis if and only if the set E* satisfies operator synthesis. Thus, 
the well-known, and still open, problem of whether the union of two syn- 
thetic sets is synthetic can be viewed as a special case of the problem asking 
whether the union of two operator synthetic sets is operator synthetic. 

The notion of operator synthesis is closely related to that of reflexivity. 
Recall that a subspace S of the space B(Hi,H2) of all bounded linear oper- 
ators from a Hilbert space Hi into a Hilbert space H2 is called reflexive if 
it coincides with its reflexive hull [13] 

Ref S = {T e B(H U H 2 ) :Txe~Sx~, for all x G #1}. 

Reflexive spaces are automatically closed in the weak* (and even the weak 
operator) topology. In the present paper we initiate the study of the follow- 
ing question: 

Question 1.1. Given two reflexive spaces S,T Q B{H\,H2), when is the 
weak* closure S + 1~ W of their sum reflexive? 
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Question II .11 is closely related to the question of whether the union of two 
operator synthetic sets is operator synthetic. Indeed, an affirmative answer 
to Question 11.11 in the case S and T are bimodules over maximal abelian 
selafdjoint algebras (masa-bimodules for short) with operator synthetic sup- 
ports, implies that the union of these supports is operator synthetic. 

We obtain an affirmative answer to Question 11.11 in a number of cases. 
Crucial for our considerations is the class of masa-bimodules consisting of 
all ranges of weak* continuous bimodule projections. The latter maps have 
attracted considerable attention in the literature, as they are precisely the 
idempotent Schur multipliers (see [H]). We study a class of masa-bimodules, 
which we call approximately 3-injective masa-bimodules, that are defined as 
the intersections of sequences of ranges of uniformly bounded weak* con- 
tinuous masa-bimodule projections, as well as the more general class of 3- 
decomposable masa-bimodules (Definition l2.6p . Our most general result con- 
cerning Question ll.ll is that it has an affirmative answer when S is a reflexive 
masa-bimodule, while T is the intersection of finitely many 3-decomposable 

W* 

masa-bimodules. In particular, S + T is reflexive whenever S is reflexive 
and T is a masa-bimodule (or a CSL algebra) of finite width. These results 
are given as an application of a more general result obtained in Section [2 
where a new reflexive hull in the setting of dual Banach spaces is introduced 
and examined. We hope that this general setting may be applied in other 
instances as well. 

Sections H] and [5] are devoted to connections with spectral and operator 
synthesis. As a corollary of our results, we show that the union of an operator 
synthetic set and a set of finite width is operator synthetic. This extends 
the results of [20] and [23], where it was shown that sets of finite width are 
operator synthetic. We give some applications concerning unions of sets of 
spectral synthesis in locally compact groups. We show that the supports 
of the ranges of weak* continuous masa-bimodule projections are always 
operator synthetic. While we do not know whether the same holds for the 
supports of approximately J-injective ones, we show that these sets satisfy 
a weaker form of operator synthesis (see Theorem 15. 2p . Moreover, we show 
that the supports of the (more general) 3-decomposable masa-bimodules are 
operator synthetic if and only if they are strong operator Ditkin. We note 
that it is an open question in Harmonic Analysis (resp. Operator Theory) 
whether every synthetic set (resp. every operator synthetic set) is necessarily 
Ditkin (resp. operator Ditkin). 

In Section [6] we address the converse to Question [Lll and obtain sufficient 

w* 

conditions which ensure the reflexivity of T, provided S and 5 + 7" are 
both reflexive. 

2. The general framework 

In this section we set up the general framework, introducing a reflexive 
hull for subspaces of a dual Banach space relative to a family of commuting 
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weak* continuous idempotents. Let X be a dual Banach space with a fixed 
predual X*, and B(X) be the space of all bounded linear operators on X. As 
usual, we denote by \\(p\\ the norm of an operator (ft E B(X). An idempotent 
in B(X) is an element (ft E B(X) such that (ft 2 = (ft. If 5 C X, for the rest 
of this section we will denote by S the closure of S in the weak* topology 
arising from the identity X = (X*)* , and by referring to a "closed set" (resp. 
"closed subspace"), we will always mean a set (resp. a subspace), closed in 
the weak* topology of X. The convergence of nets of elements of X will 
also always be with respect to the weak* topology. Closures in the norm 
topology of X will not appear explicitly in the paper. 

Let £ C B(X) be a Boolean algebra of pairwise commuting weak* con- 
tinuous idempotents with top element the identity operator id and bot- 
tom element the zero operator. This means that <t is closed under com- 
plementation (that is, (ft E £ implies (ft 1 - = id— (ft E (£), contains and 
id, and (ft + ip — (pip, (pip E £ whenever (ft,tft E (£. We denote by Ran^ 
the range of an idempotent (p. It is easy to verify that if (p, ip E £ then 
Ran (ft H Ran ip = Han((ftift) and Ran (ft + Ran ip = Ran(c/> + ip — (pip). 

Definition 2.1. Let y C X be a linear subspace. 

(i) The subspace y C X will be called It-invariant if <p(y) C y for every 
(ft E £. 

(ii) The subspace y C wra/Z 6e called £-injective ify = Rarn^ for some 
(ft E £. 

f m J T/ie (t-reflexive hull of y is the subspace 

Ref c y = {x E X : if (ft E <£ and (ft(y) = {0} then cft(x) = 0}. 

The subspace y is called It-reflexive ifKef^y = y. 

We record some elementary properties of the notions introduced in Defi- 
nition 12.11 

Proposition 2.2. (i) Ify 1 C y 2 then Refc^i C Ref c ^2- 

(zzj TTze intersection of any family of <t-reflexive subspaces is <t-reflexive. 
(Hi) If y is a ^-invariant subspace then Ref^^ is ^-invariant. 

(iv) For every subspace y C X, the ^-reflexive hull Ref^^ is a closed 
subspace of X . 

(v) Every <t-injective space is closed and (^-invariant. 

Proof, (i) is trivial. 

(ii) Let y a C. X , a € A, be a family of It-reflexive subspaces of X . By (i), 

Ref <r(r\ aGA y a ) Q n ae A Ref = n a< = A y a - 

The converse inclusion is trivial. 

(iii) Let x E Ref^y and (ft E £. Suppose that ip E <£ annihilates y. Then 
ift((p(x)) = (p(ip(x)) = (ft(0) = 0; thus, cft{x) E Ref^. 

(iv) Let {x a ) C RefciV be a net converging to x and (ft E £ annihilate 
Then (ft{x a ) = for each a and, by the continuity of (ft, we have that 

0(x) = 0; thus, x E Ref<j; y. 
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(v) Let (j), ip G <£. For every x = 4>(x) we have ip(x) = ip(<p(x)) = (p(ip(x)) G 
Ran^>, thus, tp (Ran cf>) C Ran (p. Thus, Ran0 is It-invariant. To show that 
Ran<p is close, suppose that (x a ) G Ranp is a net with x a — > x. Then 
x a = 4>{x a ) —> <f>(%) and so x = <p(x) G Rancp. □ 

Proposition 2.3. Let y X be a closed ^-invariant subspace and Ai C A' 
6e a (t-injective subspace. 

(i) The space Ai is ^-reflexive. 

(ii) The algebraic sum y + Ai is closed. 

(Hi) We have Ref £ (3^ + M) = Rei<r(y) + Ai. Thus, if y is ^-reflexive 
then y + Ai is ^-reflexive. 

Proof. Let <p G (£ be an idempotent with range AL 

(i) Let x G Ref^ AI. By the assumptions on the family £, we have that 
(j) 1 - G £, and clearly (j> x (M) = {0}. It follows that (j> x (x) = 0, that is, 
x = <j)(x) G Ran^> = AL 

(ii) Suppose that (y a ) C 3 1 and (m tt ) C AI are nets such that j/ a +m tt — > x. 
The invariance of 3^ implies 

x - <p(x) = lim Q (y a + m a - (p(y a ) - <p{m a )) = nm a (y a - (f>(y a )) G y. 

Thus, x = (x - cp(x)) + 0(x) G y + Ai. 

(hi) Let x G Refc^+.M). We will show that x — cp(x) G Refc^- Suppose 
that tp G £ annihilates 3*. Then </>" L ^ annihilates y + Ai; indeed, if y G y 
and m G Af then 

(/> J "V(y + m ) = < / ,_L ^(y) + ip^im) = o. 

Since the idempotents in £ pairwise commute, 

<p(ip{x — <p(x))) = (fnp(x) — (pip(x) = 0. 

On the other hand, since x G Ref^^y + Ai) and (p-^ip annihilates y + Ai, 
we have that 

^(ip{x - <p(x))) = p ± ^p(x) = 0. 

It follows that 

tp(x — 4>{x)) = (p(ip{x — 4>{x))) + (p (ip(x — 4>{x))) = 0. 

Thus, x — 4>{x) G Refg;^ and hence x = (x — 4>{x)) + <f>(x) G Ref^^ + Ai. 
The second statement in (hi) is now immediate. □ 

Definition 2.4. A subspace Ai C X will be called approximately C-injective 

if there exists a sequence (</> n )neN Q £ and a constant C > such that 
\\4>n\\ < C, Ran</> n +i C Ran^ n; n G N, and AI = r^ =1 Rancp n . We call 
any sequence (4> n )^Li with these properties an associated sequence of idem- 
potents for Ai. 

Remarks (i) Let Ai and (</> n )neN be as in Definition 12.41 Since B(X) is 
itself a dual Banach space (see, for example, paragraph A. 3. 3 of [3]), the 
sequence ((p n )neN has a cluster point cp G B(X) in the point-weak* topology. 
It is easily seen that <\> is a (not necessarily weak* continuous) idempotent 
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with ranee Ai. Moreover, since the ranges Ran <p n are nested, it follows that 
any (weak*) cluster point of (0 n (x))^ =1 lies in Ai. 

(ii) Let A4j, j = l,...,k, be approximately (£-injective spaces. Then 

Ai d = C\ k j =1 M.j is approximately C-injective. To see this, let (4>ii)^ = i be 
an associated sequence of idempotents for Aij, j = l,...,k. It is easy 
to see that the sequence {4>n(pn ■ ■ ■ 4>n)neN is uniformly bounded and the 
intersection of the ranges of its elements is Ai. 

Theorem 2.5. Let y C X be a closed (t-invariant subspace and Ai C X be 
an approximately (t-injective subspace. 

(i) The space y + Ai is closed. 

(ii) We have Ref € (y + M) = Ref e (y) + M. Thus, if y is ^-reflexive 
then y + Ai is ^-reflexive. 

Proof. Let ((f) n )^ =1 be an associated sequence of idempotents for Ai. 

(i) Suppose that x e y + Ai. Proposition 12.31 (ii) implies that 

x G y + Ran <p n = y + Ran <j> n . 

Thus, x = y n + m n , where y n G y and m n G Ran (fi n , and so 

x - (f> n {x) = y n + m n - <p n {y n ) - 4> n {m n ) =y n - (f> n (y n ) G V 

by the C-invariance of y. Let m be a cluster point of (^> n (x))^L 1 . Then 
x = (x — m) + m £ y + Ai. 

(ii) Let x G Ref £ (^ + M). By Proposition E2 (hi), 

x G Ref <r(y + Ran <j> n ) = Ref ^y + Ran <f> n . 

Using Proposition 12.21 (iii). we see as in (i) that 

x = (x - (j> n (x)) + 4> n (x) G Ref + Ran 

Taking a cluster point of (4> n (x))^ =1 , we conclude that x G Ref ^y + Ai. 
The last two statements are now immediate. □ 

If (Ai n )^ =1 is a sequence of closed subsets of X, let limsup ngN Ai n be 
the set of all cluster points of sequences (x„)^.j, where x n G Ai n , n G N. 

Definition 2.6. A closed subspace V C X will be called (£- decomposable if 
there exists a sequence (<f> n )%Li Q £ and a sequence (W„)™ =1 of <t-injective 
subspaces of X such that 

(a) there exists C > with \\<f> n \\ < C, n £ N; 

(b) V C Ran <fi n + W n for each n; 

(c) W n C V /or eac/i n; 

(d) lim sup ngN Ran <\> n C V. 

We ca/Z i/ie sequence (<p n )^ =1 an associated sequences of idempotents, and 
(W n )^i arc associated sequences of subspaces, for V. 
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Lemma 2.7. Let V be a it-decomposable subspace with associated sequences 
((f>n)%Li and (Wn)^Li °f idempotents and subspaces, respectively. Then 

V = n^L 1 (Ran (f> n + W n ) = lim sup n6 fjW„ + lim sup n &i Ran 4> n . 

Proof. By definition, V C n^L 1 (Ran^ n + W n )- Suppose that x G Ran0 n + 
W n for each n and write x = x n + w n , where (j> n {x n ) = x n and w n G W n , 
n G N. By Proposition 12.21 (v). W is It-invariant and hence 

X - <j) n (x) = X n + W n - (f> n (x n ) - <j) n (w n ) = W n - (f> n {w n ) G W n . 

Letting m be a cluster point of (cj) n (x)) n < ' =1 (such a cluster point exists since 
the sequence (0 n )neN is uniformly bounded), we see that 

s = (x — m) + m G limsup ngNWn + limsup n eNRan^» n . 

Since W n C V for each n and V is closed, we have that limsup ngN W n C V. 
From condition (d), lim sup ngN W„ + lim sup ngN Ran n C V. The equalities 
are established. □ 

Remarks (i) Every (£-injective subspace is trivially approximately (£- 
injective. Taking W n = {0} in Definition 12.61 we see, on the other hand, 
that every approximately C-injective subspace is (^-decomposable. 

(ii) It follows from Lemma 12.71 Proposition 12.21 and Proposition 12.31 that 
every ^-decomposable subspace is (^-invariant and C-reflexive. 

(iii) In concrete applications, one often has that the sequence (W n )nm in 
Definition (223 is increasing, while the sequence (Ranc/> n ) ng N is decreasing. In 
this case lim sup ngN Ran <fi n = (~l^ =1 Ran0 n and limsup ngN W„ = U^L 1 W, t . 

Theorem 2.8. Let y C X be a closed ^-invariant subspace and V C X be a 
£- decomposable subspace. Then ~Ref^(y + V) = Ref £(30 + V. Ln particular, 
if y is ^-reflexive then y + V is ^-reflexive. 

Proof. Let (4> n ) and (W n ) be associated sequences of idempotents and sub- 
spaces for V. By Proposition O (i) and (iv), Ref \ y + V C Ref e (^ + V). 
Fix x G Ref c (^ + V). Letting M n = Ran</> n , we have by Proposition 12.31 
(iii) that Ref e (^ + M n + W n ) = Ref c (y) + M n + W n . By Proposition 
(i) and Theorem 12.51 (ii) , we have that 

Ref t (y + V) C Ref (y + W n + M n ) = Ref (3?) + W n + M n 

and the arguments in the proof of Theorem 12.51 show that 

x - 4> n {x) G Ref € {y) + W n C Ref c(^) + V. 

Choosing a cluster point z of (i^ ri (x))^ =1 , we have that 

x = (x - z) + z G Ref c^) + V + lim sup n mM n Q Ref £(30 + V. 

We thus showed that Ref£(3 ; + V) C Ref£ y + V and hence we have equality. 
The last statement is now immediate. □ 

Our last aim in this section is Theorem 12.101 which establishes a useful in- 
tersection property for (^-decomposable subspaces. First, we need a lemma. 
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Lemma 2.9. Let y C X be a closed ^-invariant subspace and Vi, . . . , Vk be 
^-decomposable subspaces. Set Vij = Vi fl • • • Pi Vj if i < j, and Vij = X if 
i > j. Then, for every j = 1, . . . , k, we have 

Vij n y + v j+1<k c y + v ltk . 

Proof. First note that the spaces Vij are (£- invariant since Vi,...,V n are 
It-invariant. To prove the statement, use backward induction on j. If j = k 
then the inclusion is trivial. Suppose that it holds for j + 1. Let (0 n )neN 
be an associated sequence of idempotents, and (W n )neN be an associated 
sequence of subspaces, for Vj+i, and let ip n G £ be an idempotent with 

range W n , n G N. Then cr n = </> n + ?/Vs — c/viV'n nas range Ran n + W n . Set 

Pn =^n~ 4>n^n- 

Let x G Vij n y + Vj+i &; we have that 

x = n (z) + p n (x) + ct^(x). 

Since x G + Vj+i C Ran<j n and 3^ is ^-invariant, we have that 

G y for each n. On the other hand, by the £-invariance of Vij and 
the fact that Ran p n C W n , we have that 

/On(a?) G Vij n W„ C Vij n V i+ i = Vij+i. 

Since 3^ + Vj+i^ is invariant under p n , we conclude that 

Pn{x) g Vij+i n y + v j+ i, fc c Vij+i n y + v i+2 , fc c y + v hk . 

Thus, p n (x) + {x) G y + Vi.fc for each n. 
Let y be a cluster point of (cj> n (x)) n eN- Then 

y G (limsup neN Ran(/> n ) n Vij C Vj+i D V\j = Vij+i- 

By £-invariance, y also belongs to y + Vj+i^ and hence, by the inductive 
assumption, y £ y + Vi On the other hand, x — y is a cluster point of 
(Pn(z) + (T^(a;)) n6N and hence x = y + (x-7/)G^ + Vi,fe. □ 

Theorem 2.10. Lei 3^ C 6e a closed ^-invariant subspace and Vi, . . . , V k 

6e <L- decomposable subspaces of X . Then 

y+nj =1 v,- = nj =1 y+^. 

Moreover, if y is ^-reflexive then y + fl^ =1 Vj is ^-reflexive. 
Proof. By induction, it suffices to show that if V = fl C^Vj then 

(i) yTvny+l4 = y +vnv fe . 

Let x be an element of the left hand side of (pQ). Let (<^ n )neN De an associated 
sequence of maps, and (W n )neN be an associated sequence of spaces, for V k . 
Then, for every n we have that x = y + (f> n (x) + y n for some y G y and 
2/n G W n - Since y + V is invariant under we have 

x - (j) n (x) = y + y n e y + v n(y + w n ). 



8 



G. K. ELEFTHERAKIS AND I. G. TODOROV 



Suppose that y + y n = lim^So, + t a ), where s a € y and t a G V. Writing tp n 
for the idempotent in £ with range W n , we have 

2/n = tpiVn) = Hm a 1p n (s a ~y) + tpn(t a ). 

By C-invariance, tp n (t a ) 6 Vfl W n C V fl and ip n (s a — y) G 3^- It follows 
that y n G ^ + (Vfl V fc ), and so y + y n £ y + (Vfl V fc ), for every n. 

Suppose that lim^oo n (x) = z for some z; thus z G lim sup ngN Ran (f> n C 
V fc . By LemmaESl 

« g v k ny + v c y + v n v fc . 

Also, x-2 = limfe^oo^+y^) G J + VnVj. It follows that x G J' + VnVfc 
and ([I]) is established. 

Now suppose that y is (t-reflexive. By Theorem 1 2. 8 \ y + Vj is C-reflexive 
for each j. Now Proposition 12.21 (ii) implies that r\j =i y + Vj, and hence 

y + njLiVj, is ^-reflexive. □ 

3. Sums of masa-bimodules 

In this section, we apply the results of Section [2] in the case where X = 
B(Hi,H2) for some Hilbert spaces Hi and H2, equipped with its canonical 
weak* topology coming from the identification of B(H\ : H2) with the dual 
space of the space C\(H2, H\) of all trace class operators from H2 into H\. 

We first fix notation. Let (X, m) and (Y, n) be standard measure spaces, 
that is, the measures m and n are regular Borel measures with respect 
to some Borel structures on X and Y arising from complete metrizable 
topologies. Let Hi = L 2 (X,m), H2 = L 2 (Y,n), and V\ (resp. V2) be the 
algebra of all multiplication operators on H\ (resp. H2) by functions from 
L°°(X,m) (resp. L°°(Y,n)). It is well-known that T>\ and T>2 are maximal 
abelian selfadjoint subalgebras (masas) of B(H±) and B(H2), respectively. 
A subspace U C B(H\,H2) will be called a masa-bimodule if BTA G U 
whenever A G X>i, B G T)% and T 6W. 

We need several facts and notions from the theory of masa-bimodules [2] , 
[3]. [2"0]. A subset B C I x F is called marginally null if E C (X x F) U 
(X x y ), where m(X ) = n(Y ) = 0. We call two subsets E,F Q X xY 
marginally equivalent (and write E = F) if the symmetric difference of i£ 
and is marginally null. A set KCIxFis called u-open if it is marginally 
equivalent to a (countable) union of the form U^ai x fy, where cx% C A 
and ft C y are measurable, i G N. The complements of w-open sets are 
called u-closed. An operator T G B{H\,H2) is said to be supported on k if 
M X/3 TM Xa = whenever (a x (3) n k — 0. (Here M 9 stands for the operator 
of multiplication by the function g.) If k is an w-closed set, let 

9^max(^) = {T G B(H\, H2) : T is supported on k}. 

The space 97tmax(fi0 is a reflexive masa-bimodule and, conversely, every re- 
flexive masa-bimodule is of this form, for some w-closed set n [4j. Given a 
weak* closed masa-bimodule U, its support is the w-closed set k such that 
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RefW = 9H max (/i). Given an w-closed k Q X x Y , there exists a small- 
est (with respect to inclusion) weak* closed masa-bimodule U with support 
k [2], [20]; we denote this minimal masa-bimodule by 9Jt m i n (fc). We will 
often use the fact that if k± and K2 are w-closed sets with k\ C k 2 then 
9^max(^i) ^ 9Jt max (re2) (this follows from the definition of 9H m ax(^)) and 
SPTmin (fti ) C 97t m i n (K2) (this follows from [20, Theorem 3.3]). 

Recall that the projective tensor product T(X, Y) d = L 2 (X, m)(E>L 2 (Y, n), 
whose norm will be denoted by || • ||r, can be canonically identified with the 
predual of B{H\,H2). Each element h G T(X,Y) can be associated with a 
series (convergent with respect to ||-||r) h ~ Yli^i fi®9i> where YliLi ll/illi < 
00 and llffilll < °°i we nave that (T, /i) = X^iC^/i>5i)- It follows [2] 

that /i can be identified with a complex function on X x V, defined up to 
a marginally null set, and given by h(x,y) = fi( x )9i(v)- A function 

<y9 € L°°(X x Y,m x n) is called a Schur multiplier if <^/i is equivalent 
(with respect to the product measure) to a function from T(X,Y) for every 
h G r(X, Y) (this definition is equivalent to other definitions used in the 
literature, see |17|). The Closed Graph Theorem implies that pointwise 
multiplication by a Schur multiplier tp is bounded, and by taking its dual, 
we obtain a bounded map S v on B(H±, H2), which we call a Schur map. 
It is standard to verify that S v is a masa-bimodule map in the sense that 
S V (BTA) = BS^(T)A, for all T G B(H 1 ,H 2 ), A G V x and B G Z> 2 . Indeed, 
we have the following well-known fact, which follows from results of U. 
Haagerup [3] and R. R. Smith [22]. 

Theorem 3.1. Let $ G B(B(Hi, H2)). The following are equivalent: 

(i) $ is a bounded weak* continuous masa-bimodule map; 

(ii) & is a completely bounded weak* continuous masa-bimodule map; 
(Hi) $ = Stn for some Schur multiplier ip; 

(iv) there exists a bounded column operator (Aj)j g pj with entries in T>\ 
and a bounded row operator (Bi)^ with entries in T>2 such that $>(T) = 
Y^i^iTAi, T G B(Hi,H2) (the series being weak* convergent). 

The Schur multiplier ip associated with a Schur map <I> in (iii) is uniquely 
determined by $ and called its symbol [TT]. We let 3 be the set of all idem- 
potent Schur maps (which we will call Schur idempotents) . It was shown 
in [TT] that the symbols of the maps from 3 are characteristic functions of 
subsets of X x Y that are both w-closed and w-open. If ip and ip are Schur 
multipliers, one easily checks that S V S^ = S^; it follows that J is a Boolean 
algebra of pairwise commuting idempotents in the sense of Section [2j 

Remark Recall that an operator space IA C B{H\,H2) is called injective 
if for every pair of operator spaces U\ C W 2 , every completely bounded 
map $1 : IA\ — > IA has a completely bounded extension $2 to IA2 with 
ll^illeb = II^Hcfe [16J. It follows from paragraph 1.6.1 of [3] that every ap- 
proximately 3-injective masa-bimodule is the range of a completely bounded 
(not necessarily weak* continuous) idempotent. Hence, Arveson's Extension 
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Theorem implies that every approximately 3-injective masa-bimodule has 
an extension property for completely bounded maps, not necessarily with 
preservation of the completely bounded norm. 

Proposition 3.2. Let IA C B(H 2 ,H\) be a weak* closed subspace. The 
following are equivalent: 

(i) IA is a masa-bimodule; 

(ii) U is invariant under all Schur maps; 
(Hi) IA is 3 -invariant. 

Proof. (i)=^(ii) Since IA is a masa-bimodule, ATB E U whenever A E Pi, 
B E T>2 arid T £lA. Since IA is weak* closed, condition (iv) of Theorem 13.11 
implies that IA is invariant under all Schur maps. 

(ii) =^(iii) is trivial. 

(iii) =>(i) Let E (resp. F) be a projection in V\ (resp. T> 2 ). Then the 
map given by $(T) = FTE, T E B(H 1 ,H 2 ), clearly belongs to 3. Thus, 
FIAE C Since every von Neumann algebra is generated by its projections 
in the norm topology, we conclude that BUA C U for all A E Pi and 
B E P 2 . □ 

Proposition 3.3. (z) Every 3-injective masa-bimodule is reflexive and is 
generated as a weak* closed subspace by the rank one operators it contains. 

(ii) A weak* closed masa-bimodule is reflexive if and only if it is 3- 
reflexive. 

Proof, (i) Let IA be a 3-injective masa-bimodule. Then there exists a subset 
k C X x Y that is both w-closed and w-open such that IA = RanS^ . It is 
easy to see (or, alternatively, it follows from Proposition 12.21 (iv)) that IA is 
weak* closed. By pTJ Proposition 12], IA C 9Jt max (K). Applying the same 
argument to S Xk = S XkC , we obtain RanS^. C 9H max (ft c ). It follows that 

B{Ht,H 2 ) = RanS XK + Ran 5^ C 9Jt max ( K ) + 9JT max ( K c ) C B{H U H 2 ) 

and hence equality holds throughout. Since the sums are direct, a simple 
linear algebra argument shows that RanS XK = 9Jt max (At) and hence IA is 
reflexive. 

Assume that k = U^ce, x where ctj C 1, ^ C y are measurable. 
By [H Lemma 3.4], for each N E N, there exist sets Xn C X and Y/y f= Y 
such that m(X \ X^r) < i and n(Y \ Y/v) < -i and k Pi (Xtv x Yjv) is 
contained in the union of finitely many of the sets on x Since a finite 
union of Borel rectangles is the finite union of disjoint Borel rectangles and 
9JW(a x p) = B(M Xa H 1 ,M x? H 2 ), we have that M max ({X N x Y N ) n k) 
is the weak* closure of the linear span of its rank one operators. Now let 
T E 5D?max(ft) be arbitrary. Then T =w*-limAr_ 5 . 00 FnTEn, where En (resp. 
Fjv) is the projection of multiplication by xxjy (resp. Xy n )- Moreover, 
FnTEn E 97tmax((^Ov x Yv) H ft), and the claim follows. 

(ii) Let IA C B(Hi,H 2 ) be a weak* closed masa-bimodule. By [20], RefZY 
consists of all the operators T E B(Hi,H 2 ) with FTS = whenever E E Pi 
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and F G T> 2 are projections with FUE = {0}. We claim that 
(2) RefU = Ref U. 

Suppose that T G Refill and let E G T>\ and F G T>2 be projections with 
FUE = {0}. The mapping $ on B(H 1 ,H 2 ) given by <£>(X) = FXE clearly 
belongs to 3 and annihilates By the definition of Ref^, we have that 
$(T) = 0, that is, FTE = 0. Thus, T G Ref W. 

Conversely, suppose that T G RefW and that $ £ 3 annihilates U. By 
(i), ker$ = Ran( < I>- L ) is reflexive, and hence RefW C ker<I>. Thus, $(T) = 
and so T G RefjW. Equality ([2]) is now established and the conclusion is 
immediate from it. □ 

Theorems 12.51 and 12.101 now yield the following corollaries. 

Corollary 3.4. LetV be an approximately 2 -injective masa-bimodule andU 
be a weak* closed masa-bimodule. Then U + V is weak* closed and Ref (U + 
V) = Ref(W) + V. In particular, iflA is reflexive then U + V is reflexive. 

Corollary 3.5. Let V\, ... ,Vk be ^-decomposable masa-bimodules andU be 
a weak* closed masa-bimodule. Then 

; W* , ,,,* 

u + nJ =1 Vj = nj =1 w + v/ . 

7 W* 

Moreover, iflA is reflexive then U + n* =1 Vj is a reflexive masa-bimodule. 
In particular, iflA is reflexive then U + Vi" is reflexive. 

The example that follow show some particular instances where Corollaries 
13.41 and [ 3.51 can be applied. 

Examples (i) We recall [23] that a weak* closed masa-bimodule Ad is 
called ternary if M is a TRO, that is, if TS*R G M whenever T,S,Re M 
(see [3]). The class of ternary masa-bimodules includes all von Neumann 
algebras with abelian commutant. We claim that every weak* closed ternary 
masa-bimodule A4 is approximately 3-mjective. To see this, note first that 
one may assume that AiH% is dense in H2 and KA*H2 is dense in Hi, 
for otherwise we can replace the spaces Hi and H2 by H® = M.H\ and 
H\ = M*H 2 , respectively. Set d = (M* M)' and C 2 = (MM*)'. By 
|12j . there exists a strongly continuous Boolean algebra isomorphism 9 : 
Proj(Ci) — > Proj(C2) (where by Proj(C) we denote the set of all orthogonal 
projections in C) such that 

M = {T G B(H, K) : TP = 6{P)T, P G Proj(Ci)}. 

Let {PkjkLi be a strongly dense sequence in Proj(Ci). Let E%, . . . ,E mn be 
the atoms of the von Neumann algebra generated by P\, ... ,P n , Fj = 8(Ej), 
and £ n G Z be given by £ n (T) = Ylj FjTEj. Then ||£ n || < 1 for all n, 
Ran£ n+ i C Ran£ n and M = {^LiTian£ n . Thus, M. is approximately 
J-injective. 

It follows that the class of approximately 3-injective masa-bimodules 
is strictly larger than that of 3-injective ones. Indeed, by the previous 
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paragraph, a continuous masa is approximately 3-injective, but it is not 
3-injective by a well-known result of Arveson's pp. 

In SectionHJwe will give an example of an approximately 3-injective masa- 
bimodule for which the uniform bound on the norms of the corresponding 
idempotents cannot be chosen to be 1. 

(ii) Recall that a nest is a totally ordered strongly closed set of projections 
on a Hilbert space, and that a nest algebra is the algebra of all operators 
leaving a given nest invariant. A nest algebra bimodule is a subspace V for 
which there exists nest algebras A and B with BVA C V. We claim that 
every weak* closed nest algebra bimodule V is 3-decomposable. To see this, 
write [5] 

V = {S G B(H l7 H 2 ) : SN = (p(N)SN, N e Ai}, 
for some nest Ai Q B{H\) and an increasing V-preserving map 92 : J\fi — > 
A2 (A/2 being a nest on H2). For every finite family T consisting of the 
elements = N x < N 2 < ■ ■ ■ < N k = I of M, let E T be given by £f(T) = 
Ei=iO(N;+i) - <p(Ni))T(N i+ i - Ni) and let Mjr be the range of £ jr. Let 

W T = - ^(iV i ))T(iV 7 - +1 - Nj). 

i<j 

Choose a (countable) strongly dense subset {iVj}j e pj of Ai such that the 
set {(/?(Aj)}j £ N is dense in A/2, and let V n = {0, Ni, N2, ■ ■ ■ , N n ,I}. The con- 
ditions of Definition 12.61 are now readily verified for the sequences (£p n ) ng N 
and (WpJ„ eN - 

It follows from the previous two paragraphs that the Volterra nest algebra 
A acting on L 2 (0, 1) is an 3-decomposable masa-bimodule. However, it is not 
approximately J-injective. To see this, assume the converse and note that, 
by Theorem 15.21 below, we have a direct sum decomposition A = Ai + A2 
such that A\ is an injective masa-bimodule and *4n/C C A\. However, An)C 
is weak* dense in A (see, e.g. [B]) and it would follow that A is injective. 
Hence, the function xa where A = {(x,y) G [0, 1] x [0, 1] : x < y} would be 
a Schur multiplier on B(L 2 (0, 1)), equivalently, the transformer of triangular 
truncation would be bounded, a contradiction. 

The above examples and Corollaries 13.41 and 13.51 have the following con- 
sequences. 

Corollary 3.6. LetU be a weak* closed masa-bimodule and A4 be a weak* 
closed ternary masa-bimodule. ThenlA + M. is weak* closed. IfU is reflexive 
then U + A4 is reflexive. 

For the next corollary, we recall that a masa-bimodule of finite width is, 
by definition, the intersection of finitely many nest algebra bimodules. 

Corollary 3.7. Let U be a reflexive masa-bimodule and V be a masa- 
bimodule of finite width. Then U + V is reflexive. In particular, if W 
is a nest algebra bimodule then U + W w is reflexive. 
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4. Connections with operator synthesis 

Let, as in Section [3l (X,m) and (Y,n) be standard measure spaces, Hi = 
L 2 (X,m), H2 = L 2 (Y,n) and T>\ (resp. P2) be the multiplication masa of 
L°°(X,m) (resp. L°°(Y,n)). We will denote by K (resp. C 2 ) the ideal of all 
compact (resp. Hilbert-Schmidt) operators from H\ into H2. An u;-closed 
set k C X x Y is called operator synthetic [2], [20] if 9Jt m i n (K) = 9Jt m ax(^)- 
A weak* closed masa-bimodule U will be called synthetic if the (unique up 
to marginal equivalence) w-closed subset k such that ReiU = 9Jt max (K) is 
operator synthetic. 

For an w-closed set k C X x Y, we let f max («;) = 97tmax(^)_L and 
^min(^) = 9^min(^)±- We have that x I / max(^) and ^min(K) are || • ||r-closed 
subspaces of T(X, Y), invariant under pointwise multiplication by Schur mul- 
tipliers. We say that a function h £ T(X, Y) vanishes on a subset k Q X xY 
(and write "/i = on k") if /ix K (x, y) = for marginally almost all (x,y). 
We have that [20], 

^max^) = {/i £ T(X, Y) : h = on an w-open set containing k}" " r 

and 

*min(K) = {h £ T(X, F) : h = on k}. 

By duality, a subset sCIxYis operator synthetic if and only if ^ , ma x('^) = 
^ , min( K )- The set k is called strong operator Ditkin [20J if there exists a 
sequence (ti; n ) ne N of Schur multipliers, such that w n vanishes on an w-open 
set containing k, n £ N, and \\h — w n h\\Y — »n->-oc for every h £ ^Vin^)- 

The connection between Question 11.11 and the problem for the union of 
operator synthetic sets is summarised in the following proposition. 

Proposition 4.1. Suppose that A C X x Y is an operator synthetic u- 

VJ 

closed set such that U + 5PT max (A) is reflexive whenever U is a reflexive 
masa-bimodule. Then kUA satisfies operator synthesis whenever k does so. 

Proof. It is easy to see that for every w-closed set k, the support of 9Jt max (re)-|- 
9?tmax(A) is k U A. If k satisfies operator synthesis then, using the fact that 
SPtmin is monotone, we obtain 

m max (KU\) = m max (K) + wi max (\f = m mhl (K) + m min (\) w * 

C Wl min {K U A) C Wl max (K u A) 

and hence equality holds throughout. In particular, 9Jt m i n (ftUA) = 93t max (KU 
A), that is, kUA is operator synthetic. □ 

We now discuss some consequences of Proposition |4~T1 and the results from 
Section El 

Sets of finite width. An w-closed subset k is the support of a nest 
algebra bimodule if and only if it is of the form 

K = {(x,y)eXxY:f(x)<g(y)}, 



11 



G. K. ELEFTHERAKIS AND I. G. TODOROV 



for some measurable functions / : X — > R and g : Y — >• R; see [23] (such 
sets will be called nest sets). It follows that the supports of masa-bimodules 
of finite width are precisely the sets of solutions of systems of inequalities 
of the form fi(x) < gi(y), i = l,...,k, for some measurable functions fa : 
X — > R and g$ : Y — »■ R, i = 1, . . . , k (call such sets of finite width). It 
was shown in [20] and [23] that sets of finite width are operator synthetic. 
Thus, Proposition 14. II and Corollary 13. 71 give the following extensions of this 
result. 

Corollary 4.2. The union of an operator synthetic set and a set of finite 
width is operator synthetic. 

Let G be a second countable locally compact group and u : G — > R + be 
a continuous group homomorphism (where R + is the multiplicative group 
of positive reals). We assume that the Fourier algebra A(G) has a (per- 
haps unbounded) approximate identity (this assumption is satisfied by all 
amenable groups and is needed for the application of the results from [14j). 
For a subset ECG, write E* = {(s, t) G G x G : st' 1 £ E}. For each t > 0, 
let 

E t U} = {xeG: oj{x) < t}. 

Then 

(Elr = {(x,y)eGxG:oj(x)<tu;(y)} 
and hence (E^)* is a nest set. The intersections of the form 

e = Ei\ n • • • n Ei\ 

are Harmonic Analysis versions of sets of finite width; they have the property 
that corresponding set E* is a set of finite width. By [14J, a closed set E is 
synthetic if and only if the set E* is operator synthetic (where G is equipped 
with left Haar measure) . Corollary 14.21 thus has the following immediate 
consequence: 

Corollary 4.3. Let F C G be a closed set satisfying spectral synthesis. 
Then F U (E^ n • • • PI E^ k ) satisfies spectral synthesis. 

Ternary sets. An w-closed subset k C X x Y is the support of a ternary 
masa-bimodule if and only if it is of the form 

K = {(x,y) eX xY : f(x)=g{y)}, 

for some measurable functions / : X — >• R and g : Y —> R; see [19] and |12j 
(we call such sets ternary). Corollary 13.61 recovers (with a different proof) 
the following fact, which follows from \20\ Theorem 7.1] and |14} Proposition 
5.1]. 

Corollary 4.4. The union of an operator synthetic set and a ternary set is 
operator synthetic. 
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If k is the support of an 3-injective masa-bimodule, then Proposition 13.31 
(i) shows that k is operator synthetic. Indeed, all Hilbert-Schmidt opera- 
tors in 9Jl ma x( re ) belong to 9JT m ; n (K) by [2], and it follows that 50T max (/-t) = 

5^min( K )- 

We do not know whether the support of a 3-decomposable masa-bimodule 
is necessarily operator synthetic. In the next theorem we show that whenever 
it is, it IS cLS cl matter of fact strong operator Ditkin. 

Theorem 4.5. Let k be the support of an 3 -decomposable masa bimodule. 
Then k is operator synthetic if and only if it is strong operator Ditkin. 

Proof. For a subset E C X x Y, set 

"1(E) = inf {m(a) + n(/3) : E C (a x Y) U (X x f3), a,/3 measurable} 

(see R. Haydon and V.S. Shulman's paper jlOj where this quantity was 
defined) . 

Let V be an 3-decomposable masa-bimodule, (^ n )^ =1 be a sequence of 
elements of 3, C > be a constant with ||<& n || < C, n € N, and (W n )'^' =1 
be a sequence of 3-injective masa-bimodules such that the conditions of 
Definition 12.61 are satisfied. Let K n C X x y and ff„ C I x 7 be w-closed 
sets with Ran$ n = Wl max (K n ) and W n = DttmaxCcn); by p], «n and cr„ are 
also w-open. Note that <3? n = S% , n G N. 

Let k C X x y be the support of V. By Proposition 12.31 (i) and (hi), 
Ran <3? n + W n is reflexive; since its support is easily seen to be equal to 
(T„ U k„, we have that Ran<3? n + W n = 50t m ax(cn U K n ). Conditions (b) and 
(c) of Definition 12.61 imply that, up to a marginally null set, 

ff n CKC(r„UK„, n G N. 

We claim (without the assumption that n is operator synthetic) that 

(3) ^max(K) = {h G ^min(K) : WXkMt ~> 0}. 

If ||x«n^l|r ~~ ^ for some h G ^ , m in(^) then /i = lmin^oo Xk c h and the 
function Xn c h vanishes on k U K n = o n U n n , an w-open neighbourhood of K. 
This shows that h G 'I'max^). 

Conversely, assume that /i G v I'max(^)- Given e > 0, there exists an u- 
open set E containing k and an element ho G T(X, Y) vanishing on E such 
that \\h — ho\\r < -^q. 

The sets E c C\K ni n G N, are w-closed. Suppose that T n G 9Jt max (£^ c n/c n ), 
||T n || < 1, n G N, and that T n — > T in the weak operator topology. Since 
T n G Ran$ n , we have, by condition (d) of Definition 12.61 that T G V = 
9#max( K )- On the other hand, T clearly belongs to 9Jt max (i? c ) since the 
latter space is weakly closed and contains all operators T n , n G N. It follows 
that T is supported on E c n k = 0, and hence T = 0. It follows from [9l 
Proposition 3.5] that "i(E c n K n ) — > 0. Hence we can choose measurable 
subsets a n C X and /3 n C y such that 

E c H K n C\ (a n x y) U (X x /3 n ) and lim m(a n ) = lim n(/3 n ) = 0. 

n— >oo n— >oo 
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Set E n = a n x Y and F n = a c n x f3 n . We claim that 

(4) llx*„Mr < C\\XE n h Q \\r + C||xF>o||r. 
To see this, note that 

||x K „Mr = sup{|(x Kn n£ c h Q ,T)\ : ||T|| < 1} 

= snp{\{x Kn nE-XE n uF n h ,T)\ : \\T\\ < 1} 

= sup{\{xK n h , S XEnUFn (T))\ : ||T|| < 1} 

= S n V {\(h ,S XKnXBnUFn (T))\:\\T\\<l} 

= sup{\(h ,S XEnUFn (S XKn (T)))\:\\T\\<l} 

< Csup{\(h ,S XEnUFn (T))\:\\T\\<l} 

< Csup{\(h ,S XE jT))\:\\T\\<l} 
+ Csup{\(h ,S XF jT))\:\\T\\<l} 
= Csup{\( X E n h ,T)\:\\T\\<l} 

+ C S wp{\( X F n h ,T)\:\\T\\<l} 

= C\\XE n ho\\r + C||XF n ^o ||r- 

Thus, (jU) is established. 
We claim that 

(5) lim \\xE n h \\r= lim ||xF„Mr = 0. 

To see this, write ho = Yli=i fi® 9i G I^X, Y) with Yli=i ll/illi < 00 an( l 
YliLi lift Hi < 00 ■ Observe that 



/ Ei^i 2 r m= ^ ||/i|| ' <o °' 

\i=i / i=i 



that is, |/i| 2 € L l (X,m). Since X£ n /i = E£i(Xa„/i) ® ft) we have 

that 



||X£„Mr < WXon fi\\l^2 llftlli 

i=l i=l 



since m(a n ) — > 0. Similarly we show that ||xF„^o||r — > and hence © is 
established. Inequality (jU now implies that ||X-E c nK„^o||r — > 0. Choosing 
no such that ||X-E c riK„^o||r < § for n > no, we see that 

llx«„fr||r < \\x Kn (h - ho)\\r + \\xK n h \\r 

= \\Xn n (h - h )\\ r + \\xE-nK n h \\r < e 

whenever n > no, which establishes ([3]). 
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Now suppose that k is an operator synthetic set and let h G \&min( K )- We 
have that 

h = XkJi + Xa n n^h + X(K„ua n )-h. 

Since h vanishes on k and a n C k, we have that x<j n nn c h = 0. On the 
other hand, ([3]) implies that ||x«„^[|r ~~ >n->oo 0. It follows that \\h — 
X( K „u<j„) c ^llr -^n^oo 0. However, X( k „u<j„) c is a Schur multiplier vanish- 
ing on the o;-open neighbourhood K n U a n of k. It follows that K is strong 
operator Ditkin. □ 

Since nest algebra bimodules are 3-decomposable, Theorem 14.51 yields the 
following immediate corollary. 

Corollary 4.6. Every nest set is strong operator Ditkin. 

Theorem 14.51 also implies the following fact obtained in |14j . 
Corollary 4.7. Every ternary set is strong operator Ditkin. 

5. The structure of approximately 3-injective masa-bimodules 

In this section, we develop some further operator synthetic properties of 
approximately 3-injective masa-bimodules. We do not know whether the 
supports of such masa-bimodules are operator synthetic. However, we show 
in Theorem 15.2 1 below that 3Jt ma x(«0 and 9H m i n (/-c) contain the same compact 
operators. Our first aim is to establish a structure result for approximately 
3-injective masa-bimodules (Theorem 15. 2[) . We recall that fC = )C(Hi, H2) 
is the set of compact operators and C2 = C2(Hi, H2) is the Hilbert-Schmidt 
operator ideal; we denote the Hilbert-Schmidt norm by || • ||2- 

Lemma 5.1. Let (<f n ) ne N be a uniformly bounded sequence of Schur idem- 
potents such that Ran£ n+ i C Ran£ n; n € N. 

(i) If K G C2 the sequence {£ n {K)) n converges in the Hilbert-Schmidt 
norm. 

(ii) If K G K, the sequence {£ n {K)) n converges in the operator norm. 

Proof, (i) Suppose that K n C X x Y is an w-closed set with £ n = S Xkji . It 
is easy to see that if TL, is a Hilbert-Schmidt operator with integral kernel 
if G I?{X x Y, m x n) then £ n (T v ) = T x 9 . It follows that the sequence 
(£ n \c 2 )n£N is a decreasing sequence of orthogonal projections on the Hilbert 
space €2- It follows that the sequence (£ n {T<p))n£N converges in the Hilbert- 
Schmidt norm for all <p G L 2 (X x Y). 

(ii) Let K G K, and e > 0. There exists L G C2 such that \\K — L\\ < 
By (i), the sequence (£ n (L)) n converges in || • H2 norm, so there exists no 
such that 

\\£ n (L) - £ m (L)\\ 2 < e/3, n,m>n . 
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We have 

\\S n {K) - S m {K)\\ 

<\\£ n (K) - £ n (L)\\ + \\£ n {L) - £ m {L)\\ + \\£ m {L) - £ m (K)\\ 

<C\\K - L\\ + \\£ n (L) - £ m (L)h + C\\L - K\\ < e, 

for all n,m > no, and the sequence (£ n (K)) ne ^ converges in the operator 
norm. □ 

In some of the results that follow, we will use the notion of a pseudo- 
integral operator introduced by W. B. Arveson in [2]. Let A(X, Y) = A(X, Y, 
m, n) be the space of Borel measures // on Y x X of finite total variation for 
which there exists a constant c > such that 

\fj,\x < cm and |/i|y < cn, 

where |//| is the variation of \x and, for a measure i/onFxI,we denote by vx 
(resp. vy) the marginal measure on X (resp. Y) given by ux(ct) = v(Y x a) 
(resp. Vy(f3) = v{fi x X)). We denote the smallest constant c > with these 
properties by ||/x||. To every \i G A(X, K), there corresponds an operator 
satisfying 

(T„f,g)= f f(x)^y)d^(y,x), f€H u g€H 2 . 
Jxxy 

The operator is called the pseudo-integral operator associated with the 
measure [i. Moreover [25], if k C X x Y is an w-closed set and k = {(y, x) G 
Y x X : G k}, then 

(6) 5DT m i n (/i) = {T^ : \i is supported on k} 

Theorem 5.2. Lei .M be an approximately J-injective masa-bimodule, and 
k Q X xY be the uj-closed set with Ai = 5DT max (/t) . There exist an 3-injective 
masa-bimodule Mi Q j and an approximately 3-injective masa-bimodule -M pa i 
such that 

(a) we have a direct sum decomposition 9JT max (K) = M-mj + -Mpai, 

(b) M- m j = M n K w , and 

(c) A4 P ai contains no non-zero compact operators. 

Moreover, Mm] is the maximal 3-injective masa-bimodule contained in M. 
and 

9?Wk) n k = 0K max ( K ) n k = m m3X ( K )nc 2 H . 

Proof. By Lemma I5TT1 (ii), the limit &(K) = linin^oo £ n (K) exists for every 
K G /C. The mapping <I> : 1C K, is clearly linear and, since the map- 
pings £ n are uniformly bounded, it is bounded. It is also a masa-bimodule 
idempotent since the £ n 's are such. Passing to the second dual, we obtain 
an extension (denoted in the same way) $ : B{H\,H2) — > B(H\,H2) which 
is a Schur idempotent. By paragraph 1.6.1 of [3j, there exists a bounded 
(not necessarily weak* continuous) idempotent £ such that Ran£ = M. Set 
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M inj = Ran$ and M pai = Ran^f. Since £ = §£ + <S> ± £ = $ + <S> ± £, 
we have a direct sum decomposition M = M m ] + M pa ,\. If K G M n /C 
then £ n (K) = K for all if and hence if = <3?(if) G A^ in j. Conversely, if 
T G A4j n j, let T =w*-limifj, for some net {Kj) of compact operators. But 
then T =w*-lim G X n /C, and (b) follows. Finally, if K G 7W pai n /C 

then K = $ ± £(K) = £<f> ± (K) = 0, and (c) follows. 

Suppose that Mo is an 3-injective masa-bimodule contained in M. By 
(b) and Proposition 13.31 (i) , 

Mo c M n /c" 1 * c Mnf* = Mnj, 

hence Mi n j is a maximal 3-injective masa-bimodule contained in M. 

The inclusion S0t m i n (K) Pi K = 50t m ax(^) H /C is trivial, while the inclusion 

9#max( K ) H K = yJl max (K) f\C% " follows from Proposition 13.31 (i). Suppose 
that K G 97tmax(ft) HC2! then K is a pseudo-integral operator [2] and hence, 
by ©, belongs to 9H m i n (K) n /C. Since the latter space is norm closed, the 
equalities follow. □ 

Remarks (i) The subscript of M pa i stands for "purely approximately 
3-injective" . Note that M psi i does not contain a non-zero 3-injective masa- 
bimodule. Examples of such masa-bimodules include the ternary masa- 
bimodules containing no non-zero rank one operators, in particular contin- 
uous masas. 

(ii) It follows from Theorem 15.21 that an approximately 3-injective masa- 
bimodule M is injective if and only if M n /C = M. Indeed, one direction 
follows from Proposition ^. 31 (i) ; to see the other, assume thatMn/C =M 
and let K, 3 K n —> w * T G M p3u i. Letting $ be the Schur idempotent with 
range M- m j, we have <& L {K n ) -> T. However, $ ± (if„) G K, n M pa ,\ = {0}, 
and hence T = 0. 

(iii) We note that 3-decomposable masa-bimodules do not in general con- 
tain a maximal 3-injective masa-bimodule. For an example, let A be the 
Volterra nest algebra acting on L 2 (0, 1). Then A = 9JT max (A), where 
A = {(x,y) G [0,1] x [0,1] : x < y}. Let A = {(x,y) G [0,1] x [0,1] : 
x < y}; then Ao is an w-open set which contains every measurable rec- 
tangle a x /3 marginally contained in A. Suppose that M C A is an 3- 
injective masa-bimodule, say M = 9H max (K;), for some w-open and w-closed 
set k C [0,1] x [0,1]. It follows that, up to marginal equivalence, n C Ao- 
Moreover, k is not marginally equivalent to Ao since Ao is not w-closed. 
But then k c Pi Ao is a non-marginally null w-open set and therefore contains 
a measurable rectangle a x j3. It is easy to see that M + 9Jt max (a x (3) is an 
J-injective masa-bimodule; clearly, it contains properly M. We thus showed 
that A does not contain a maximal J-injective masa-bimodule. 

Example We present an example of an approximately J-injective, but 
not 3-injective, masa bimodule U, for which the uniform bound for the 
norms of any sequence of Schur idempotents with decreasing ranges whose 
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intersection is IA can not be chosen to be smaller than -7=. Let AA and Af be 

weak* closed ternary masa-bimodules, and let (<£ n ) ne N (resp. (vP n )neN) be 
a sequence of Schur idempotents of norm one with decreasing ranges such 
that nRan$> n = M (resp. nRanf n = Af). Let Q n = + - $ n * n , 
n G N. Then n is a Schur idempotent with ||@n|| < 2, n G N. We claim 
that nRan0„ = M + Af. Indeed, write M n = Ran$ n , Af n = Ran* n 
and suppose that T G (1 n eN Ran 6 n . For each n G N, write T = X n + Y n 
with X n G .M„ and y n G W n . Choose a subsequence («fc)ie6N such that 
&n k (T) = X nk + & nk (Y nk ) converge weak* along k G N to an operator X. 
Clearly, X G AA. Since Af is invariant under Schur maps, T — {X Tlk + 
<& nk (Y nk )) = Y nk — Q nk (Y nk ) converge weak*, along k G N, to an operator Y 
in Af. Thus, T = X + Y G M +Af. We showed that n neN Ran n C +AA; 
the converse inclusion is trivial. 

Now suppose additionally that A4 is 3-injective while Af is not, AA n 
TV = {0}, and M + Af is not a TRO (for example, let H = L 2 (0, 1), P 
be the projection onto L 2 (0, |), .M = B{P(H) L , P(H))) and TV be the 
multiplication masa of L°°(0, 1)). From the first paragraph, .M + /V is an 
approximately 3-injective masa-bimodule. Since Af is not 3-injective, it does 
not contain non-zero compact operators and we see that AA is the 3-injective 
part of AA + Af, while Af is its purely approximately 3-injective part. It 
follows that AA. + Af is not 3-injective. We claim that for every sequence 
(£ n ) n( =N of Schur idempotents with n„, g NRan£ n = AA +Af, we have that 
||£n|| > eventually. Indeed, if not then, by [II] . Ranf n would be a TRO 
for infinitely many n, and hence Ad + Af would be a TRO, contradicting our 
assumption. 

Since approximately 3-injective masa-bimodules are ^-decomposable, The- 
orem 14.51 implies that the support of an approximately 3-injective masa- 
bimodule is operator synthetic if and only if it is strong operator Ditkin. 
In Theorem 15.51 we give a more precise statement for this special case. We 
need a couple of preliminary statements. 

Lemma 5.3. Let w : X x Y — > C be a bounded measurable function and 
fi G A(X,Y). Then the measure wfi given by wfj,(E) = j E w(x,y)dfi(y,x) 
belongs to A(X, Y). 

Proof. For a measurable subset E C Y x X we have (the supremum being 
taken over all partitions E = U^ =1 Ei) 

k k 

\wn\{E) 



sup^ \wfi(Ei)\ = / w ( x ,y) d Ky 

i=l 1=1 JE i 



1 % i 



k 

< \\ w \\oo /. iMC-fl-i) = IMIooMCff)- 
i=l 

Thus, \wfi\ < ||oo Ia*| and hence |u>/i|x < ||iw||oo|mIx an d |u>/z|y < |j^ ||oo • 
Since fi G A(X, Y), we have that wfi G A(X, Y). □ 
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Proposition 5.4. Let a C X xY be an operator synthetic set and k C X xY 

be an co-closed set such that Xk is a Schur multiplier. Then a Ok is operator 
synthetic. 

Proof. Since \k is a Schur multiplier, k is w-open [IT]; assume, without loss 
of generality, that k = U^aj x fy, where on C X and C y are measurable. 
As in the proof of Proposition 13.31 (i), let pOv)jveN (resp. (YaOa^n) be 
an increasing sequence of measurable subsets of X (resp. Y) such that 

clef 

m(X\X N ) < 1/N, n(Y\Y N ) < 1/N, and k n = kH(X n xY N ) is contained 
in the union of finitely many of the sets on x fy. Write kn = Uj^ijf x o~f, 
as a disjoint union, where each 7^ x /3j is contained in some ai x Pi. Let 
h = / ® g G r(X, y) be an elementary tensor, where / G L 00 {X,m) and 
5 G L°°(Y,n). Then - ( X x N f) ® (xy^Jllr ^7V-,oo 0. 

Let G A(X,y). Thenx KiV (x,y) x*(a:,y) for all (a;,y) G (Wfi =1 X N ) x 
(^n=i Y n)- Since ((U^ =1 Xjv) x (U^ =i yv)) c is marginally null, we have that 
it is /x-null, and hence Xn N {x,y) Xn{x,y) fo r ^-almost all (x,y) G X x Y. 
Using Lebesgue's Dominated Convergence Theorem and Lemma 15. 3\ we 
have that 

(Sx K ( T n)> h ) = J im ( S x K ( T v),(xx N f)®(XY N g)) 

iV— >-00 

= (T^,XK(xx N f) <8> (XY N g)) = (T^XknU ® 9)) 

k N 

3=1 

= y2 9(y)f(x)dn(y,x) 

J 'J 

Xk n (x, y)g{y)f(x)dn(y, x) 

YxX 

Xn{x,y)g{y)f{x)dn{y,x) 

'YxX 

= (T XKfl ,h}. 

It follows that S Xk (T^) = T Xk(U . 

Now let T G S0t m ax(c H k). Since k is operator synthetic, (J6|) implies that 
T = w'-limT^, where [i a G A(X x Y) are measures supported on a. Since 
the measure XnfJ-a is supported on a n k, we have that T XKfla = S Xr .(T^ a ) 
is a pseudo-integral operator in 9Jt m i n (<7 fl k), Moreover, T = S Xk (T) = w*- 
limS XK (T^ a ), and hence T G Wl m i n (a n «). Thus, 9JT max (<7 fire) = 9Jt m i n (<7 n 
k). □ 

Theorem 5.5. Let M be an approximately 3-injective masa-bimodule, A4 = 
-Mi n j + .Mpai 6e i/ie decomposition from Theorem \5.£A r k be the support of A4 
and Kp a i be the support of A4 pa [. The following are equivalent: 
(i) k is operator synthetic; 



.r- 
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(ii) k is strong operator Ditkin; 
(Hi) ftpai is operator synthetic; 
(iv) Kp a i is strong operator Ditkin. 

Proof. (i)<£4>(ii) is a direct consequence of Theorem [43] and Remark (i) before 
Theorem ESI 

The equivalence (iii)<=>(iv) follows from the equivalence (i)4=>(ii) upon 
noticing that K pa i is the support of the approximately 3-injective masa- 
bimodule $- L (9Jl max (K)), where <3? is the Schur idempotent with range M. ia _y 

(i)=^(iii) Let Ki n j be the support of A4- m y By Proposition 15.41 K pa ; = 
k n K? n j is operator synthetic. 

(iii) =>(i) Suppose that T G At. Then T = T\ + T 2 , where T\ G At^ = 
^min(Kmj) and T 2 G 7W pai . Since Ac pa i is synthetic, T 2 G Tl min (n paji ) , and 
hence T\ + T 2 G 9Jt m i n (K). □ 

We finish this section with another structure result. 

Proposition 5.6. Let Ai be an approximately 3-injective masa-bimodule 
and (f n )neN be an associated sequence of Schur idempotents. Let k be the 
support of Ai and n n be the support o/Ran£ n , n G N. There exists pseudo- 
integral operator T G B(Hi,H2) such that the limit S = \\ ■ ||-lim n _ !>00 £ n (T) 
exists and 



B(H U H 2 ) = [V 2 TV 1 ] , Wt max ( Kn ) = \V 2 E n {T)V x \ , 9Jt min ( K ) = [2? 2 5Pi] 

Proof. After a suitable unitary equivalence, we may assume that m{X) = 
n(Y) = 1. Write Ball(S(^i, H 2 )) for the unit ball of B(H 1 ,H 2 ). Suppose 
that 

BaU(B(fli,fr 2 )) = {Tfr : k G N} W * 
where T^ k is the Hilbert Schmidt operator with integral kernel <pk G L?{X x 
Y) and 

9K m in(«) = {T^ k : k G N} 
where the measures jik G A(X, Y) are supported on k. We define 



El |0n| j 1 



It is readily checked that /i is a positive measure in A(X, Y) with /z(Y x X) < 
1 and ||/i|| < 1. By Lemma 15.11 (ii), there exists an operator X G /C such 
that || • H-lim^oofn^) = X. Thus, 

Ml- lim £ n (T^ + T (j> ) = T^ + X = S. 

n— >oo 

We write T = + T^. Let a C X, /3 C F be measurable subsets such 
that P(f3)TP(a) = 0. It follows that if £ G G H 2 are non-negative 

functions then 

<p{x,y)^{x)r]{y)dm x n + / £(x)rj(y)dfj, = 0. 

ax/3 JciY.fi 



RANGES OF BIMODULE PROJECTIONS AND REFLEXIVITY 



23 



Since > and \i > we have that 




4>k{x,y)^(x)co(y)dm x n = 0, V /c G N. 



We conclude that {P(P)T 4>k P(a)i,rf) = and hence {P(/3)AP(a)£,r}) = 0, 
for all A G B(H\, H 2 ). Since £ and 77 where arbitrary non-negative functions, 
we have that P((3)AP(a) = for all A G B(H 1 ,H 2 ). We thus proved that 
the reflexive hull of the space \D 2 TV X \ is B(H 1 ,H 2 ). Since B(H 1 ,H 2 ) is 

synthetic, it follows that B{H\,H 2 ) = \D 2 TT>i] . Similarly, if £,77 are 
arbitrary non-negative functions such that {P{(3)SP{a)^,rj) = then 

(P(/3)i;P(a)£,77> + {P{f5)XP{a%r 1 ) = 0. 

Since {X^',r]') > for all non-negative functions we have that 

(P(/?)T M P(a)£,7 ? ) =0, 

and so 

(P(J3)AP(a)Z, rf) = 0, for all A G 9JT min (K). 
It follows that Ref(£ , 2»5T , i) = 9^max(^) and since S is a pseudo-integral 

w* 

operator, we conclude that 5DT m i n (K) = [D 2 ST>\] . □ 

6. Converse results 

Let A4 be an approximately 3-injective V 2 , Di-bimodule, W be a weak* 
closed P 2 ,£>i-bimodule and W = U + M. By Corollary E31 W is a weak* 
closed masa-bimodule. Moreover, by Corollary 13.41 and Proposition 14.14 
W is reflexive (resp. synthetic) if IA is reflexive (resp. synthetic). In the 
following, we consider the converse question: when does the reflexivity (resp. 
synthesis) of W imply the reflexivity (resp. synthesis) oilil This is not true 
in general. For an example, take A4 = B(Hi, H 2 ) and a non-reflexive (resp. 
non-synthetic) T> 2 , V i-bimodule IA. We show that in certain cases, when the 
masa-bimodules IA and A4 are "suitably positioned" , one can obtain positive 
results. 

If is a weak* closed masa-bimodule, we will say that a weak* closed 
masa-bimodule IA is AA-synthetic if 9H m i n (/-t) fl M = 9Jt max (re) fl M, where k 
is the (unique up to marginal equivalence) w-closed subset ofXxF with 
5^min(^) Q U Q 9ttmax(^)- This notion was introduced and studied in [15] 
in the case X = Y = G for some locally compact group G. 

Theorem 6.1. Let A4 be an approximately 3-injective masa-bimodule and 
U be a weak* closed AA-synthetic masa-bimodule. Then 

(i) U is reflexive if and only iflA + Ad is reflexive; 

(ii) IA is synthetic if and only iflA + At is synthetic. 

Proof, (i) By Corollary 13.41 and Proposition 14.11 if Z-Y is reflexive (resp. syn- 
thetic) then IA + AA is reflexive (resp. synthetic). Conversely, assume that 
IA + Ai is reflexive and let T G Ref IA. Let £ n , n G N, be a sequence of Schur 
idempotents such that n^ =1 Ran<? n = Ai and ||£ n || < C for some C > 0. 
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By Corollary E2 T G (Ref U) + M = Ref {U + M) = U + M. Thus, for 
each n G N, we have that T = S n . + M n for some S„ eW and M n G A^ n - 
It follows that £n(T) = £^(S n ) £ On the other hand, by Proposition 
O (hi), £ n {T) = £ n (S n ) + M n G Ref(W) n M„. If S is the weak* limit 
of a subsequence (f nfc (r))/ ce N then S G Ref(Zi) nM = IA n .M since W is 
A4-synthetic. It follows that 

T = w*-]im(£ nh (T) + £^ k (T))eU. 

(ii) Suppose that W + A4 is synthetic and let lA m \ n be the minimal weak* 
closed masa-bimodule with reflexive cover RefZ^. By Corollary 13.41 

Ref(W min + M) = (Ref U min ) +M=U + M. 

Since IA + M. is synthetic, W m i n + A4 (which is weak* closed by Theorem 12,51 
(i)) is reflexive. By the first paragraph, lA m \ a is reflexive; thus, lA m \ a = Ref IA 
and so U is synthetic. □ 

Theorem 6.2. Let Ai be a weak* closed ternary masa-bimodule, A\ = 
[M*M)~ W * andA2 = [MM*)~ W * . Suppose thatU is a weak* closed .4.2, Al- 
bimodule. The following hold: 

(i) The masa-bimodule IA + A4 is reflexive if and only iflA is reflexive. 

(ii) The masa-bimodule IA + Ai is synthetic if and only if hi is synthetic. 

Proof. It follows from (241 Proposition 2.2] that (after a unitary equivalence) 
M = M\ © M2, where M\ has the form ® fceN ^(i?f , H$), for some Hilbert 
spaces fff, flj, and M 2 is a ternary masa-bimodule which does not contain 
operators of rank one. It follows that A\ (resp. A2) contains (Bk£N&(Hi) 
(resp. ©fcgN^iff ))• Since IA is an ^4.2, -Ai-bimodule, we have that IA = 
Ui®U 2 , where = e^ =1 B(H^ p , H* p ) and ^ 2 is a weak* closed -4 2 ,-4i- 
bimodule. 

Let kCIxY (resp. a C X x y) be the w-closed set such that 9H m i n (K) C 
U2 C 97t ma x(K) (resp. 9Jt m ax(o") = A^)- We have that 

wi min (K n a) c fUt min (K) nAi 2 c mt max (t) n M 2 = Ti mSiX (K n a). 

By [Ml Theorem 3.6], Kflcr is operator synthetic, and hence 9Jt m i n (K)n A! 2 = 
5^max(^) n M.2, that is, Z^2 is A^-synthetic. It follows that IA is Af-synthetic 
and the claims follow from Theorem 16.11 □ 

Theorem 16.21 has the following immediate consequence. 

Corollary 6.3. Let A be a CSL algebra, A(.4) = A(~)A* be the diagonal of 
A, U be a weak* closed sub space of A which is a A(A)-bimodule and such 
that A = IA + A(A). Then 

(i) the space IA is reflexive; 

(ii) the algebra A is synthetic if and only if the space IA is synthetic. 
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